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ON THE NUMBER OF AFFINE EQUIVALENCE CLASSES OF
BOOLEAN FUNCTIONS
XIANG-DONG HOU
Abstract. Let R(r, n) be the rth order Reed-Muller code of length 2n. The
affine linear group AGL(n, F2) acts naturally on R(r, n). We derive two for-
mulas concerning the number of orbits of this action: (i) an explicit formula
for the number of AGL orbits of R(n, n), and (ii) an asymptotic formula for
the number of AGL orbits of R(n, n)/R(1, n). The number of AGL orbits of
R(n, n) has been numerically computed by several authors for n ≤ 10; result
(i) is a theoretic solution to the question. Result (ii) answers a question by
MacWilliams and Sloane
1. Introduction
Let Fq be the finite field with q elements and let F(Fnq ,Fq) denote the set of
all functions from Fnq to Fq. Every g ∈ F(F
n
q ,Fq) is (uniquely) represented by
a polynomial f ∈ Fq[X1, . . . , Xn] with degXi f < q for all 1 ≤ i ≤ n; we define
deg g = deg f . We shall not distinguish a function from Fnq to Fq and a polynomial
in Fq[X1, . . . , Xn] that represents it. For −1 ≤ r ≤ n(q − 1), the rth order Reed-
Muller code of length qn is
(1.1) Rq(r, n) = {f ∈ F(F
n
q : Fq) : deg f ≤ r}.
Let
(1.2) AGL(n,Fq) =
{[
A 0
a 1
]
: A ∈ GL(n,Fq), a ∈ F
n
q
}
be the affine linear group of degree n over Fq. F(Fnq ,Fq) is an Fq-algebra on which
AGL(n,Fq) acts as automorphisms: for α = [A 0a 1 ] ∈ AGL(n,Fq) and f(X1, . . . , Xn) ∈
F(Fnq ,Fq),
α(f) = f((X1, . . . , , Xn)A+ a).
Consequently, AGL(n,Fq) acts on Rq(r, n) and on Rq(r, n)/Rq(s, n) for −1 ≤ s ≤
r ≤ n.
When q = 2, we write R2(r, n) = R(r, n). F(Fn2 ,F2) = R(n, n) is the set of
all Boolean functions in n variables. When two Boolean functions are said to be
equivalent, it is meant, depending on different authors, that f and g are in the same
AGL orbit of F(Fn2 ,F2) [2], or f + R(1, n) and g + R(1, n) are in the same AGL
orbit of R(n, n)/R(1, n) [7]. (The affine equivalence in the latter sense is referred
to as extended affine equivalence in [2].) Most coding theoretic and cryptographic
properties of Boolean functions are preserved under affine equivalence. Let Nn and
Mn denote the number of AGL orbits of F(Fnq ,Fq) and the number of AGL orbits
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of R(n, n)/R(1, n), respectively. The number Nn has been computed by several
authors for n up to 10 [3, 4, 8, 13]. We will derive an explicit formula for Nn,
hence providing a theoretic solution to the question. The number Mn has also
been studied by number of authors [1, 4, 7, 10, 12]. (In fact, the number of AGL
orbits of R(r, n)/R(s, n) has been computed recently for all −1 ≤ s < r ≤ n ≤ 10
[12].) However, no explicit formula for Mn is known in general. An open question
by MacWilliams and Sloane [7, Research Problem (14.2)] asks how fast the number
Mn grows with n. We will give an asymptotic formula for Mn as n→∞. Both Nn
and Mn are important sequences; in the On-line Encyclopedia of Integer sequences
[9], they are listed as A000214 and A001289, respectively.
The paper is organized as follows: In Section 2, we derive an explicit formula
for Nn. We actually work with the q-ary version of the question since there is not
much difference between the binary version and the q-ary version of the question.
In Section 3, we prove an asymptotic formula for Mn. We conclude the paper in
Section 4 with a few brief remarks. For readers’ convenience, a list of notations
used in the paper is complied in the appendix.
2. A Formula for Nq,n
Let q be a power of a prime p, and let Nq,n denote the number of AGL(n,Fq)
orbits of F(Fnq ,Fq). The objective of this section is to derive an explicit formula
for Nq,n.
We shall identify GL(n,Fq) with the subgroup {[A 00 1 ] : A ∈ GL(n,Fq)} of
AGL(n,Fq). For α = [A 0a 1 ] ∈ AGL(n,Fq), we can identify α with the affine map
Fnq → Fq, x 7→ xA+a, whence α(f) = f ◦α for f ∈ F(F
n
q ,Fq). For α ∈ AGL(n,Fq),
define
(2.1) Fix(α) = |{f ∈ F(Fnq ,Fq) : α(f) = f}|,
(2.2) fix(α) = |{f ∈ Fnq : α(x) = x}|,
and
(2.3) c(α) = the centralizer of α in AGL(n,Fq).
Let C be a set of representatives of the conjugacy classes of AGL(n,Fq). By Burn-
side’s lemma,
(2.4) Nq,n =
∑
α∈C
Fix(α)
|c(α)|
.
To make (2.4) explicit, we need a concrete description of the elements of C and for
each α ∈ C, we need to determine |c(α)| and Fix(α).
2.1. Representatives of conjugacy classes.
A partition is a sequence of nonnegative integers λ = (λ1, λ2, . . . ) with only
finitely many nonzero terms. We define |λ| =
∑
i≥1 iλi, m(λ) = maxi≥1 λi, and
T (λ) = {i : λi > 0}. Let P denote the set of all partitions. Let I be the set of all
monic irreducible polynomial in Fq[X ] \ {X}. For f ∈ I and λ = (λ1, λ2, . . . ) ∈ P ,
let fλ denote the multiset
{f1, . . . , f1︸ ︷︷ ︸
λ1
, f2, . . . , f2︸ ︷︷ ︸
λ2
, . . . },
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and let σfλ be an element of GL(|λ| deg f,Fq) with elementary divisors f
λ. For
α = [A 0a 1 ] ∈ AGL(n1,Fq) and β =
[
B 0
b 1
]
∈ AGL(n2,Fq), define
α⊞ β =

A B
a b 1

 ∈ AGL(n1 + n2,Fq).
Let
(2.5) Nn =


0 1
· ·
· ·
· 1
0


n×n
, Jn = I +Nn,
where I is the identity matrix. For λ = (λ1, λ2, . . . ) ∈ P , let
(2.6) σλ =
[
J1
0 1
]
⊞ · · ·⊞
[
J1
0 1
]
︸ ︷︷ ︸
λ1
⊞
[
J2
0 1
]
⊞ · · ·⊞
[
J2
0 1
]
︸ ︷︷ ︸
λ2
⊞ · · · ∈ AGL(|λ|, F )
and, for t ∈ T (λ),
σλ,t =
[
J1
0 1
]
⊞ · · ·⊞
[
J1
0 1
]
︸ ︷︷ ︸
λ1
⊞ · · ·⊞
[
Jt−1
0 1
]
⊞ · · ·⊞
[
Jt−1
0 1
]
︸ ︷︷ ︸
λt−1
(2.7)
⊞
[
Jt
ǫt 1
]
⊞
[
Jt
0 1
]
⊞ · · ·⊞
[
Jt
0 1
]
︸ ︷︷ ︸
λt
⊞
[
Jt+1
0 1
]
⊞ · · ·⊞
[
Jt+1
0 1
]
︸ ︷︷ ︸
λt+1
⊞ · · · ∈ AGL(|λ|, F ),
where
ǫt = (1, 0, . . . , 0) ∈ F
t
q.
By [6, Theorem 6.23], a set of representatives of the conjugacy classes of AGL(n,Fq)
is given by C = C1 ∪ C2, where
(2.8) C1 =
{
σλ ⊞
(
⊞
f∈I
σ
f
λf
)
: λ, λf ∈ P , |λ|+
∑
f∈I
|λf | deg f = n
}
,
(2.9)
C2 =
{
σλ,t ⊞
(
⊞
f∈I
σ
f
λf
)
: λ, λf ∈ P , |λ| > 0, t ∈ T (λ), |λ|+
∑
f∈I
|λf | deg f = n
}
.
For f ∈ I, the order of f , denoted by ord f , is the multiplicative order of the roots
of f . If ord f = d, then deg f = od(q), the multiplicative order of q in Z/dZ. For
d ≥ 1 with p ∤ d, let Id = {f ∈ I : ord f = d}. Then |Id| = ψ(d) := φ(d)/od(q),
where φ is the Euler totient function. We order the partitions lexicographically:
for λ = (λ1, λ2, . . . ), η = (η1, η2, . . . ) ∈ P , “λ < η” means that for the first i such
that λi 6= ηi we have λi < ηi. Let D = {d > 1 : d | qi − 1 for some 1 ≤ i ≤ n}. For
d ∈ D, let
Λd = {(λ
(1), . . . ,λ(ψ(d))) : λ(i) ∈ P , λ(1) ≤ · · · ≤ λ(ψ(d))}.
4 XIANG-DONG HOU
For λ = (λ(1), . . . ,λ(ψ(d))) ∈ Λd, let |λ| =
∑ψ(d)
i=1 |λ
(i)| andm(λ) = max1≤i≤ψ(d)m(λ
(i)).
Moreover, let s(λ) be the number of permutations of (λ(1), . . . ,λ(ψ(d))); that is, if
(λ(1), . . . ,λ(ψ(d))) has t distinct components with respective multiplicities k1, . . . , kt,
then
(2.10) s(λ) =
(
ψ(d)
k1, . . . , kt
)
=
ψ(d)!
k1! · · · kt!
.
Let
Ω =
{
(λ, (λd)d∈D) : λ ∈ P , λd ∈ Λd, |λ|+
∑
d∈D
od(q)|λd| = n
}
.
Then
C1 =
⋃
(λ,(λd)d∈D)∈Ω
{
σλ ⊞
(
⊞
d∈D
(
⊞
f∈Id
σ
f
λf
))
:
λf ∈ P , (λf )f∈Id is a permutation of λd
}
and
C2 =
⋃
(λ,(λd)d∈D)∈Ω
|λ|>0
{
σλ,t ⊞
(
⊞
d∈D
(
⊞
f∈Id
σ
f
λf
))
:
t ∈ T (λ), λf ∈ P , (λf )f∈Id is a permutation of λd
}
.
Therefore, we can write (2.4) as
(2.11) Nq,n = S1 + S2,
where
(2.12) S1 =
∑
(λ,(λd)d∈D)∈Ω
∑
(λf )f∈Id , λf∈P,
(λf )f∈Id is a permutation of λd
Fix(α)
|c(α)|
with
(2.13) α = σλ ⊞
(
⊞
d∈D
(
⊞
f∈Id
σ
f
λf
))
,
and
(2.14) S2 =
∑
(λ,(λd)d∈D)∈Ω
t∈T (λ)
∑
(λf )f∈Id , λf∈P,
(λf )f∈Id is a permutation of λd
Fix(β)
|c(β)|
with
(2.15) β = σλ,t ⊞
(
⊞
d∈D
(
⊞
f∈Id
σ
f
λf
))
.
2.2. |c(α)|, |c(β)|, Fix(α), and |Fix(β)|.
Let α and β be given by (2.13) and (2.15), respectively, where (λf )f∈Id is a
permutation of λd ∈ Λd. We write λ = (λ1, λ2, . . . ) and λd = (λ
(1)
d , . . . ,λ
(ψ(d))
d ),
where λ
(i)
d = (λ
(i)
d,1,λ
(i)
d,2, . . . ). |c(α)| and |c(β)| are given by [6, Theorem 6.24]. We
have |c(α)| = a1(λ, (λd)d∈D), where
a1(λ, (λd)d∈D) =(2.16)
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q
∑
j λj+
∑
j,kmin(j,k)λjλk+
∑
d∈D od(q)
∑ψ(d)
i=1
∑
j,kmin(j,k)λ
(i)
d,jλ
(i)
d,k
·
(∏
j
λj∏
l=1
(1− q−l)
)(∏
d∈D
ψ(d)∏
i=1
∏
j
λ
(i)
d,j∏
u=1
(1− q−od(q)u)
)
,
and
a2(t, λ, (λd)d∈D) =(2.17)
1
qλt − 1
q
∑
j≥t λj+
∑
j,k min(j,k)λjλk+
∑
d∈D od(q)
∑ψ(d)
i=1
∑
j,k min(j,k)λ
(i)
d,jλ
(i)
d,k
·
(∏
j
λj∏
l=1
(1− q−l)
)(∏
d∈D
ψ(d)∏
i=1
∏
j
λ
(i)
d,j∏
u=1
(1 − q−od(q)u)
)
.
We now determine Fix(α) and Fix(β). Let o( ) denote the order of a group
element and ν( ) denote the p-adic order of integers.
Lemma 2.1. Let f ∈ Id, where d ∈ D ∪ {1}, and let A ∈ GL(od(q)l,Fq) be a
companion matrix of f l, treated as an element of AGL(od(q)l,Fq). Then o(A) =
dp⌈logp l⌉ and
(2.18) fix(Ak) = qmin(p
ν(k),l)ǫ(d,k), k ≥ 0,
where
(2.19) ǫ(d, k) =
{
od(q) if d | k,
0 if d ∤ k.
Proof. Write k = pν(k)k1, where p ∤ k1. Then by [6, Lemma 6.11], the nullity of
Ak − I is
null(Ak − I) = deg gcd(Xk − 1, f l) = deg gcd
(
(Xk1 − 1)p
ν(k)
, f l
)
= min(pν(k), l) deg gcd(Xk1 − 1, f)
= min(pν(k), l)ǫ(d, k),
which gives (2.18). Note that
Ak = I ⇔ min(pν(k), l)ǫ(d, k) = od(q)l
⇔ d | k and pν(k) ≥ l
⇔ d | k and ν(k) ≥ logp l.
Hence o(A) = dp⌈logp l⌉. 
Lemma 2.2. Let σ =
[
Jm 0
ǫm 1
]
∈ AGL(m,Fq). Then o(σ) = p
1+⌊logpm⌋ and for
k ≥ 0,
(2.20) fix(σk) =
{
qm if ν(k) ≥ 1 + ⌊logpm⌋,
0 if ν(k) < 1 + ⌊logpm⌋.
Proof. We have
σk =
[
Jkm 0
ǫm(I + Jm + · · ·+ Jk−1m ) 1
]
,
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where
Jkm = (I +Nm)
k =
k∑
i=0
(
k
i
)
N im
and
I + Jm + · · ·+ J
k−1
m =
k−1∑
i=0
i∑
j=0
(
i
j
)
N jm =
k−1∑
j=0
(k−1∑
i=j
(
i
j
))
N jm =
k−1∑
j=0
(
k
j + 1
)
N jm.
In the above, Jkm = I if and only if
(
k
1
)
= · · · =
(
k
m−1
)
= 0 and ǫm(I + Jm +
· · · + Jk−1m ) = 0 if and only if
(
k
1
)
= · · · =
(
k
m
)
= 0. Let id denote the identity of
AGL(m,F2). Then
σk = id⇔
(
k
1
)
= · · · =
(
k
m
)
= 0⇔ pν(k) > m⇔ ν(k) > logpm,
so o(σ) = p1+⌊logpm⌋.
For x ∈ Fmq , the equation σ
k(x) = x is equivalent to
ǫm(I + Jm + · · ·+ J
k−1
m ) = −x(J
k
m − I),
i.e.,
(
(
k
1
)
,
(
k
2
)
, . . . ,
(
k
m
)
) = −x


0
(
k
1
)
· · ·
(
k
m−1
)
. . .
. . .
...
. . .
(
k
1
)
0

 .
This holds if and only if
(
k
1
)
= · · · =
(
k
m
)
= 0, i.e, ν(k) ≥ 1 + ⌊logpm⌋. Hence we
have (2.20). 
Lemma 2.3. (i) We have o(α) = b1(λ, (λd)d∈D), where
(2.21) b1(λ, (λd)d∈D) = lcm{d : |λd| > 0} p
⌈logpmax({m(λ)}∪{m(λd):d∈D}⌉.
(We define lcm(∅) = 1.)
(ii) We have o(β) = b2(t, λ, (λd)d∈D), where
(2.22)
b2(t, λ, (λd)d∈D) = b1(λ, (λd)d∈D) ·
{
p if λt = m(λ) and λt is a power of p,
1 otherwise.
Proof. (i) We have
o(α) = lcm
(
{o(σλ)} ∪
( ⋃
d∈D
{o(σ
f
λf ) : f ∈ Id}
))
,
where, by Lemma 2.1, o(σλ) = p
⌈logpm(λ)⌉ and o(σ
f
λf ) = dp
⌈logp m(λf )⌉ for f ∈ Id.
Since (λf )f∈Id is a permutation of λd, we have
lcm{o(σ
f
λf ) : f ∈ Id} = dp
⌈logp m(λd)⌉.
Hence
o(α) = lcm{d : |λd| > 0} p
⌈logpmax({m(λ)}∪{m(λd):d∈D}⌉.
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(ii) We claim that
o(σλ,t) = o(σλ) ·
{
p if λt = m(λ) and λt is a power of p,
1 otherwise.
By Lemmas 2.1 and 2.2,
o(σλ,t) = p
max({1+⌊logp λt⌋}∪{⌈logp λi⌉:i6=t}).
When λt = m(λ), 1 + ⌊logp λt⌋ ≥ ⌈logpmaxi6=t λi⌉, so
o(σλ,t) = p
1+⌊logp λt⌋ = p1+⌊logp λt⌋−⌈logp λt⌉o(σλ)
= o(σλ)
{
p if λt is a power of p,
1 otherwise.
When λt < m(λ), 1 + ⌊logp λt⌋ ≤ ⌈logpmaxi6=t λi⌉, so
o(σλ,t) = p
⌈logpmaxi6=t λi⌉ = p⌈logpm(λ)⌉ = o(σλ).
Hence the claim is proved. The rest of the proof is same as (i). 
Lemma 2.4. (i) We have Fix(α) = qe1(λ,(λd)d∈D), where
e1(λ, (λd)d∈D) =(2.23)
1
b1(λ, (λd)d∈D)
∑
k|b1(λ,(λd)d∈D)
φ
(
b1(λ, (λd)d∈D)/k
)
· q
∑
j≥1 min(p
ν(k),λj)+
∑
d∈D, d|k od(q)
∑
1≤i≤ψ(d)
∑
j≥1 min(p
ν(k),λ
(i)
d,j
).
(ii) We have Fix(β) = qe2(t,λ,(λd)d∈D), where
e2(t, λ, (λd)d∈D) =(2.24)
1
b2(t, λ, (λd)d∈D)
∑
k|b2(t,λ,(λd)d∈D)
ν(k)≥1+⌊logp λt⌋
φ
(
b2(t, λ, (λd)d∈D)/k
)
· q
∑
j≥1 min(p
ν(k),λj)+
∑
d∈D, d|k od(q)
∑
1≤i≤ψ(d)
∑
j≥1 min(p
ν(k),λ
(i)
d,j
).
Proof. (i) Since α(f) = f ◦ α (f ∈ F(Fnq ,Fq)), we have
(2.25) Fix(α) = qs,
where s is the number of 〈α〉-orbits in Fnq . By Burnside’s lemma,
(2.26) s =
1
o(α)
o(α)∑
k=1
fix(αk) =
1
o(α)
∑
k|o(α)
φ(o(α)/k)fix(αk).
(Here we used the fact that fix(αk) = fix(αgcd(k,o(α))).) In the above,
fix(αk) = fix(σkλ)
∏
d∈D
∏
f∈Id
fix(σk
f
λf
)(2.27)
= q
∑
j≥1 min(p
ν(k),λj)
∏
d∈D
∏
f∈Id
q
∑
j≥1 min(p
ν(k),λf,j)ǫ(d,k)
(by (2.18), where λf = (λf,1, λf,2, . . . ))
= q
∑
j≥1 min(p
ν(k),λj)+
∑
d∈D
∑
1≤i≤ψ(d)
∑
j≥1 min(p
ν(k),λ
(i)
d,j)ǫ(d,k)
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(since (λf )f∈Id is a permutation of λd)
= q
∑
j≥1 min(p
ν(k),λj)+
∑
d∈D, d|k od(q)
∑
1≤i≤ψ(d)
∑
j≥1 min(p
ν(k),λ
(i)
d,j)
(by (2.19)).
Now (2.23) follows from (2.25) – (2.27).
(ii) The proof is almost identical to that of (i). In place of (2.27), we have
fix(βk) = fix(σkλ,t)
∏
d∈D
∏
f∈Id
fix(σk
f
λf
)
=


fix(σkλ)
∏
d∈D
∏
f∈Id
fix(σk
f
λf
) if ν(k) ≥ 1 + ⌊logp λt⌋
0 otherwise
(by (2.20))
=
{
fix(αk) if ν(k) ≥ 1 + ⌊logp λt⌋
0 otherwise.
Thus, same as (2.25) and (2.26), Fix(βk) = qs, where
s =
1
o(β)
∑
k|o(β)
φ(o(β)/k)fix(βk)
=
1
b2(t, λ, (λd)d∈D)
∑
k|b2(t,λ,(λd)d∈D)
ν(k)≥1+⌊logp λt⌋
φ
(
b2(t, λ, (λd)d∈D)/k
)
· q
∑
j≥1 min(p
ν(k),λj)+
∑
d∈D, d|k od(q)
∑
1≤i≤ψ(d)
∑
j≥1 min(p
ν(k),λ
(i)
d,j).
Hence we have (2.24). 
2.3. Putting pieces together.
We now assemble the formula for Nq,n.
Theorem 2.5. We have
Nq,n =
∑
(λ,(λd)d∈D)∈Ω
s(λd)
qe1(λ,(λd)d∈D)
a1(λ, (λd)d∈D)
+
∑
(λ,(λd)d∈D)∈Ω
t∈T (λ)
s(λd)
qe2(t,λ,(λd)d∈D)
a2(t, λ, (λd)d∈D)
,
where s(λd), a1(λ, (λd)d∈D), e1(λ, (λd)d∈D), a2(t, λ, (λd)d∈D) and e2(t, λ, (λd)d∈D)
are given in (2.10), (2.16), (2.23), (2.17) and (2.24), respectively.
Proof. We have
Nq,n =S1 + S2 (by (2.11))
=
∑
(λ,(λd)d∈D)∈Ω
∑
(λf )f∈Id , λf∈P,
(λf )f∈Id is a permutation of λd
Fix(α)
|c(α)|
+
∑
(λ,(λd)d∈D)∈Ω
t∈T (λ)
∑
(λf )f∈Id , λf∈P,
(λf )f∈Id is a permutation of λd
Fix(β)
|c(β)|
(by (2.12) and (2.14), where α and β are given in (2.13) and (2.15))
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=
∑
(λ,(λd)d∈D)∈Ω
s(λd)
qe1(λ,(λd)d∈D)
a1(λ, (λd)d∈D)
+
∑
(λ,(λd)d∈D)∈Ω
t∈T (λ)
s(λd)
qe2(t,λ,(λd)d∈D)
a2(t, λ, (λd)d∈D)
(by Lemma 2.4).

3. An Asymptotic Formula for Mn
Recall that Mn is the number of AGL(n,F2) orbits of R(n, n)/R(1, n). By [4,
Theorem 5.1], Mn is also the number of AGL orbits of R(n−2, n). The main result
of this section is the following asymptotic formula for Mn as n→∞.
Theorem 3.1. We have
(3.1) lim
n→∞
Mn ·
∏∞
i=1(1− 2
−i)
22n−n2−2n−1
= 1.
To prove this theorem, we need some preparatory results, mainly about com-
pound matrices.
3.1. Compound matrices and preparatory results.
For 0 ≤ r ≤ n, let Cnr denote the set of all subsets of {1, . . . , n} of size r. Let
A be an n × n matrix (over any field). The rth compound matrix of A, denoted
by Cr(A), is the
(
n
r
)
×
(
n
r
)
matrix whose rows and columns are indexed by Cnr and
whose (S, T )-entry (S, T ∈ Cnr ) is detA(S, T ), where A(S, T ) is the submatrix of
A with row indices from S and column indices from T . For general properties
of compound matrices, see [11, Chapter V]. If the eigenvalues of A are λ1, . . . , λn
(counting multiplicity), then the eigenvalues of Cr(A) are
∏
i∈S λi, S ∈ C
n
r .
The quotient space R(r, n)/R(r − 1, n) has a basis {XS : S ∈ Cnr }, where XS =∏
i∈S Xi. When A ∈ GL(n,F2) acts on R(r, n)/R(r− 1, n), its matrix with respect
to the basis (XS)S∈Cnr of R(r, n)/R(r − 1, n), displayed in a row, is Cr(A), i.e.,
A((XS)S∈Cnr ) = (XS)S∈Cnr Cr(A);
see [5, §4]. More generally, when σ = [A 0a 1 ] ∈ AGL(n,Fq) acts on R(r, n)/R(s, n),
−1 ≤ s < r ≤ n, its matrix with respect to the basis {XS : S ⊂ {1, . . . , n}, s <
|S| ≤ r} is
(3.2)


Cr(A) 0 · · · 0
∗ Cr−1(A) · · · 0
...
...
. . .
...
∗ ∗ · · · Cs+1(A)

 .
Lemma 3.2. Let F be a field and λ1, . . . , λn ∈ F ∗ (n ≥ 1) with λ1 6= 1. Then for
at least half of the subsets S of {1, . . . , n},
∏
i∈S λi 6= 1.
Proof. For every S ⊂ {2, . . . , n}, at most one of
∏
i∈S λi and
∏
i∈{1}∪S λi is 1. 
Lemma 3.3. Let A be an m ×m matrix, B be an n× n matrix, and 0 ≤ k ≤ m,
0 ≤ l ≤ n. Then Ck(A) ⊗ Cl(B) is a principal submatrix of Ck+l(A ⊕ B), where
A⊕B = [A 00 B ]. (C0(A) is defined to be the 1× 1 identity matrix [1].)
10 XIANG-DONG HOU
..............................................................................................................................................................................................................................................................
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
.
.......................................................................................................................................................................................................................................................
...........................................................................................
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
.............................................................................................................................................................................
...............................................................................
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
.........................................................................................................................................................
..........
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
......
..........
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
....
..........
...
...
..............................................................................................
....................................................................................
...
.
A(S1, S2)
B(T1, T2)0
0
S1
S2
T1
T2
Figure 1. A(S1, S2) and B(T1, T2) in A⊕B
Proof. For T ⊂ {1, . . . , n}, let T ′ = {m + j : j ∈ T }. Let C be the principal
submatrix of Ck+l(A ⊕ B) labeled by all S ∪ T ′ with S ∈ Cmk and T ∈ C
n
l . For
S1, S2 ∈ Cmk and T1, T2 ∈ C
n
l , the (S1 ∪ T
′
1, S2 ∪ T
′
2)-entry of Ck+l(A⊕B) is
det[(A⊕B)(S1 ∪ T
′
1, S2 ∪ T
′
2)] = det(A(S1, S2)) det(B(T1, T2));
see Figure 1. Hence C = Ck(A)⊗ Cl(B). 
Lemma 3.4. Let Jn be given by (2.5). Then
Cr(Jn) =
[
Cr(Jn−1) ∗
0 Cr−1(Jn−1)
]
,
where the rows and columns of Cr(Jn−1) are labeled by Cn−1r and the rows and
columns of Cr−1(Jn−1) are labeled by {S ∪ {n} : S ∈ C
n−1
r−1 }.
Proof. This is obvious. 
Lemma 3.5. We have
rank(Cr(Jn)− I) ≥
(
n− 1
r
)
.
Proof. Let ρ(n, r) = rank(Cr(Jn)− I). By Lemma 3.4, we have

ρ(n, r) ≥ ρ(n− 1, r − 1) + ρ(n− 1, r),
ρ(n, r) = 0 unless 1 ≤ r ≤ n− 1,
ρ(n, 1) = n− 1 for n ≥ 1.
Using these conditions, it follows by induction that ρ(n, r) ≥
(
n−1
r
)
. 
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3.2. Proof of Theorem 3.1.
We are now ready to prove Theorem 3.1. First, recall that
(3.3) |AGL(n,F2)| = (2
n − 20)(2n − 21) · · · (2n − 2n−1) · 2n = 2n
2+n
n∏
i=1
(1 − 2−i)
and
(3.4) |R(n− 2, n)| = 22
n−n−1.
For σ ∈ AGL(n,F2), let Fix(α) be the number of fixed points of σ in R(n − 2, n).
By Burnside’s lemma,
Mn =
1
|AGL(n,F2)|
∑
σ∈AGL(n,F2)
Fix(σ)
=
1
|AGL(n,F2)|
(
|R(n− 2, n)|+
∑
id6=σ∈AGL(n,F2)
Fix(σ)
)
,
where
|R(n− 2, n)|
|AGL(n,F2)|
=
22
n−n2−2n−1∏n
i=1(1− 2
−i)
.
Therefore, to prove (3.1), it suffices to show that
(3.5)
∑
id 6=σ∈AGL(n,F2)
Fix(σ) = o(|R(n− 2, n)|) = o(22
n−n−1).
Let id 6= σ = [A 0a 1 ] ∈ AGL(n,F2). By (3.2), the matrix of σ with respect to the
basis {XS : S ⊂ {1, . . . , n}, |S| ≤ n− 2} of R(n− 2, n) is
(3.6) A =


Cn−2(A) 0 · · · 0
∗ Cn−3(A) · · · 0
...
...
. . .
...
∗ ∗ · · · C0(A)

 .
Note that
(3.7) Fix(σ) = 2null(A−I).
We estimate Fix(σ) in several cases.
Case 1. Assume that A has an eigenvalue 6= 1.
By Lemma 3.2, the algebraic multiplicity of the eigenvalue 1 ofA is≤ 12
∑n−2
r=0
(
n
r
)
<
2n−1. Hence
(3.8) Fix(σ) < 22
n−1
.
Case 2. Assume that 1 is the only eigenvalue of A and A has an elementary
divisor (X − 1)m with m ≥ ⌊n/2⌋+ 1.
We may assume that A = Jm⊕A1 for some A1 ∈ GL(n−m,F2). By Lemma 3.3,
Cr(Jm) is a principal matrix of Cr(A) for all 0 ≤ r ≤ m. Thus by (3.6) and
Lemma 3.5,
rank(A− I) ≥
n−2∑
r=0
rank(Cr(A)− I) ≥ rank(C3(A)− I)
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≥ rank(C3(Jm)− I) ≥
(
m− 1
3
)
≥
(
⌊n/2⌋
3
)
.
Hence
(3.9) Fix(σ) ≤ 2(
n
0)+···(
n
n−2)−(
⌊n/2⌋
3 ) < 22
n−(⌊n/2⌋3 ).
Case 3. Assume that 1 is the only eigenvalue of A and A has an elementary
divisor (X − 1)m with 2 ≤ m ≤ ⌊n/2⌋.
Again, we may assume that A = Jm ⊕ A1 for some A1 ∈ GL(n − m,F2). By
Lemma 3.3, C1(Jm)⊗ C3(A1) is a principal submatrix of C4(A). Since
C1(Jm)⊗ C3(A1) =


C3(A1)C3(A1)
· ·
· ·
· C3(A1)
C3(A1)


m×m blocks
and m ≥ 2, we have
rank(C1(Jm)⊗ C3(A1)− I) ≥ rankC3(A1) =
(
n−m
3
)
≥
(
n/2
3
)
.
Therefore,
rank(A− I) ≥ rank(C4(A)− I) ≥ rank(C1(Jm)⊗ C3(A1)− I) ≥
(
n/2
3
)
,
and hence
(3.10) Fix(σ) < 22
n−(n/23 ).
Case 4. Assume that A = I but a 6= (0, . . . , 0).
We may assume that a = (0, . . . , 0, 1), i.e.,
σ(x) = x+ (0, . . . , 0, 1) for all x ∈ Fn2 .
In this case, for f ∈ R(n− 2, n),
σ(f) = f ⇔ f = f(X1, . . . , Xn−1) ∈ R(n− 2, n− 1).
Thus
(3.11) Fix(σ) = |R(n− 2, n− 1)| = 22
n−1−1−(n−1) = 22
n−1−n.
In all four cases, we always have
Fix(σ) < 22
n−(⌊n/2⌋3 ) for n sufficiently large.
Therefore∑
id 6=σ∈AGL(n,F2)
Fix(σ) < |AGL(n,F2)|2
2n−(⌊n/2⌋3 ) ≤ 2n
2+n+2n−(⌊n/2⌋3 ) = o(22
n−n−1).
This completes the proof of Theorem 3.1.
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4. Final Remarks
In general, let θ(n; s, t) denote the number of AGL orbits of R(r, n)/R(s− 1, n),
0 ≤ s ≤ r ≤ n. (Thus Nn = θ(n; 0, n) and Mn = θ(n; 0, n− 2).) Since θ(n; s, r) =
θ(n;n − r, n − s) [4, Theorem 5.1], we may assume that s + r ≤ n, that is, 0 ≤
s ≤ r ≤ n − s. In this range, θ(n; s, r) is numerically computed for n ≤ 10 [12]
and is theoretically determined for r ≤ 2 (linear and quadratic functions) and for
(s, r) = (0, n) (this paper). It appears that with due effort, θ(n; 0, n−1) can also be
determined theoretically. For other values of (s, r), explicit formulas for θ(n; s, r)
appears to be out of immediate reach. For example, to determine θ(n; 2, 3), one
needs to know null(C3(A) − I) for every A ∈ GL(n,F2) in a canonical form under
conjugation, or one needs to know the classification of cubic forms over F2; the
former is difficult and the latter is probably impossible.
As for the asymptotics, we have only solved the question for θ(n; 0, n− 2). How-
ever, it seems that the method should work for all (s, r).
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Appendix
List of Notation
⊕ A⊕B = [A B ]
⊞ [Aa 1 ]⊞
[
B
b 1
]
=
[
A
B
a b 1
]
A (3.6)
a1(λ, (λd)d∈D) |c(α)|, formula in (2.16)
a2(t, λ, (λd)d∈D) |c(β)|, formula in (2.17)
A(S, T ) submatrix of A with row (column) indices in S (T )
AGL(n,Fq) {[A 0a 1 ] : A ∈ GL(n,Fq), a ∈ F
n
q }, affine linear group
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b1(λ, (λd)d∈D) o(α), formula in (2.21)
b2(t, λ, (λd)d∈D) o(β), formula in (2.22)
C set of representatives of conjugacy classes of AGL(n,Fq)
C1, C2 defined in (2.8) and (2.9)
Cnr set of subsets of {1, . . . , n} of size r
Cr(A) rth compound matrix of A
c(α) centralizer of α in AGL(n,Fq)
D {d > 1 : d | qi − 1 for some 1 ≤ i ≤ n}
e1(λ, (λd)d∈D) defined by Fix(α) = q
e1(λ,(λd)d∈D), formula in (2.23)
e2(t, λ, (λd)d∈D) defined by Fix(β) = q
e2(t,λ,(λd)d∈D), formula in (2.24)
fλ {f1, . . . , f1︸ ︷︷ ︸
λ1
, f2, . . . , f2︸ ︷︷ ︸
λ2
, . . . }, where λ = (λ1, λ2, . . . )
F(Fnq ,Fq) set of functions from F
n
q to Fq
Fix(α) (§2) number of fixed points of α in F(Fnq ,Fq)
Fix(α) (§3) number of fixed points of α in R(n− 2, n)
fix(α) number of fixed points of α in Fnq
I identity matrix
I set of monic irreducible polynomials in Fq[X ] \ {X}
Id {f ∈ I : ord f = d}
id identity of the affine linear group
Mn number of AGL orbits of R(n, n)/R(1, n)
m(λ) maxi≥1 λi, where λ = (λ1, λ2, . . . ) ∈ P
m(λ) max1≤i≤ψ(d)m(λ
(i)), where λ = (λ(1), . . . ,λ(ψ(d))) ∈ Λd
Nq,n number of AGL orbits of F(Fnq ,Fq)
Nn N2,n
null(A) nullity of A
o( ) (§2) order of a group element
o( ) (§3) little-o asymptotic
od(q) multiplicative order of q in Z/dZ
ord f order of f ∈ I
P set of all partitions
Rq(r, n) {f ∈ F(Fnq ,Fq) : deg f ≤ r}, q-ary Reed-Muller code
R(r, n) R2(r, n), binary Reed-Muller code
s(λ) number of permutations of λ = (λ(1), . . . ,λ(ψ(d))) ∈ Λd
T (λ) {i : λi > 0}, where λ = (λ1, λ2, . . . ) ∈ P
XS
∏
i∈S Xi
α, β (§2.1 – 2.3) defined in (2.13) and (2.15)
ǫt (1, 0, . . . , 0) ∈ Ftq
ǫ(d, k) (2.19)
θ(n; s, r) number of AGL orbits of R(r, n)/R(s− 1, n)
|λ|
∑
i≥1 iλ, where λ = (λ1, λ2, . . . ) ∈ P
|λ|
∑ψ(d)
i=1 |λ
(i)|, where λ = (λ(1), . . . ,λ(ψ(d))) ∈ Λd
Λd {(λ
(1), . . . ,λ(ψ(d))) : λ(i) ∈ P , λ(1) ≤ · · · ≤ λ(ψ(d))}, d ∈ D
ν( ) p-adic order
σfλ matrix with elementary divisors f
λ
σλ (2.6)
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σλ,t (2.7)
φ Euler totient function
ψ(d) φ(d)/od(q)
Ω {(λ, (λd)d∈D) : λ ∈ P , λd ∈ Λd, |λ|+
∑
d∈Dod(q)|λd| = n}
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